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Brittle-ductile transition

• Brittle regime - fracture with small 
scale yielding

• Quasi-brittle regime - fracture with 
softening

• Ductile regime - plasticity + 
fracture  

Choo & Sun, CMAME 2018



Example 1: Evolving cracks and anti-crack 
filled with pore fluid 



Background

• Common strategies
• Cohesive zone interface element (on DG 

or standard FEM)
Fracture process zone, known crack path

• X-FEM & Assumed Strain
Powerful and accurate approach to model 
problems exhibiting discontinuities and 
inhomogeneities, difficulty in modeling crack 
branching and curved crack path

• Phase-field
Fracture surface is approximated by a phase-field.
need fine mesh to improve convergence and 
geometrically represent the fracture

• Element erosion (deletion)
Simple scheme, spurious mesh dependency

• Meshless method
Not need to embed strong discontinuities but 
need to recover geometrical features via implicit 
function (e.g. level set) 

e.g. Carrier, Benoit, and Sylvie Granet
(2012)

e.g. Khoei, Amir R. Extended Finite Element 
Method: Theory and Applications

e.g. Borden, Michael J., et al. (2012)

Other possibility – peridynamic, 
lattice-spring, lattice-beam models 



Compaction band as Mode I anti-crack
Compaction band in Bentheim

sandstone 
(UPPER LEFT, Baud et al. 2004, 

LOWER, Stanchits et al. 2009)

Compaction band in Navajo 
sandstone

(RIGHT, Fossen et al. 2011)

Compaction bands have 
been idealized as anti-
cracks (cf. Sternolf & Pollard 
2002 and Rudnicki 2007) and 
the associated energy 
release rate has been 
measured experimentally 
(e.g. Stanchits et al. 2009).  



Eigen-erosion approach
• Simple implementation

• Able to capture curved crack path, crack branching, coalescence
• Mesh independent
• Robust

• Eigen-fracture ( Schmidt et al. 2009 )
• Eigen-fracture energy functional:

• Phase field energy functional:

• Eigen-erosion ( Pandolfi and Ortiz. 2012 )
• Restrict Eigen-deformation to binary case: either intact or completely failed
• For FEM: leads to element erosion scheme that is mesh-independent
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Regularized fracture 
energy term



Formulation of variational eigen-erosion in 
fluid-saturated porous media 

Free Energy functionals

with eigen-deformation corresponding to fracture (set C) and compaction band (set CB) 

Fluid dissipation

Enhanced or suppressed permeability due 
to fracture and compaction band

C: Crack set
CB: Compaction Band set
Intact element



Variational Statement of the variational eigen-
erosion in fluid-saturated porous media 

Find :the saddle point of the Energy-dissipation Functional with respect to solid 
displacement and pore pressure 

Subjected to a monotonicity constraint that enforces history-dependence

Wang & Sun, CMAME, 2017



Departure from classical element deletion 
method – Non-locality from crack neighborhood 

Pandolfi, Anna, and Michael Ortiz. (2012)
Crack area increment

Crack set and intact 
element in epsilon 
neighborhood

Crack set in the epsilon 
neighborhood



Mechanical vs. Hydraulic Aperture
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Mechanical aperture 

Hydraulic aperture 
Figures from Robert Zimmerman 

Navier-Stokes Equations

Ignore Inertia Terms

Stokes Equations

Reynolds Lubrication Equation

Ignore Out-of-Plane Velocity

Effective Medium Methods

Cubic Law



Effect of flow conduit created by cracks 

Test 1: Shear loading Ps = 50MPa, 0.05s-1
Vertical strain rate = 0.0005s-1



Example: Compaction band as flow Barrier



Example: Crack propagation and 
coalescence in heterogeneous porous media

Wang & Sun, CMAME, 2017. 

Phase field version: Wick & Wheeler, SPE, 2014 



Example: Effect of injection rate in 
heterogeneous porous media

Wang & Sun, 
CMAME 2017. 



Anisotropic materials in the ductile regime



Motivation 
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bedding layers

zoom-in region

microstructure

Bryant & Sun, CMAME 2019



Size-dependent anisotropy 

• Goal: Introduce different “effective” anisotropy or different 
size of specimen numerically 

• Strategy:

Critical 
State 

Plasticity 

Anisotropic 
Critical 
State 

Plasticity 

Anisotropic 
Gradient  
Plasticity Semnani

et al. 
2016

Introduce 
anisotropic 
regularization 
(this work) 



Review on Anisotropic Cam-clay model

Anisotropic Elasticity

where and

The key idea is to introduce p* and q* as 
weighted norms to simplify implementation  



Anisotropic gradient regularization

where the structural tensor for the anisotropic regularization is 

Two additional energy functionals are added to introduce gradient 
dependence on the plastic work  



Anisotropic gradient regularization

Incremental update are obtained from Euler-Lagrange equation of the 
incremental energy functional, i.e., 

which leads to 

Local governing 
equation for 
constitutive laws 

Regularized modified 
Helmholtz equations



o Nonlocal Modified Cam-Clay (MCC) model
• Yield function (cf. Borja, 2013)

• Hardening 

(using the bilogarithmic relation between 
the specific volume and p’c)

• The discrete hardening relation in a residual form

where

𝜖@
2𝛼 ≡ 𝑝8′
𝛼

: penalty parameter
: local internal variable
: global micomorphic variable

q

p'
p'c /2p'c

M

CSL

!" = 0

Local
Iteration

Global 
Iteration

Special case: Isotropic gradient regularization



Anisotropic gradient regularization

Incremental update are obtained from Euler-Lagrange equation of the 
incremental energy functional, i.e., 

which leads to 

Local governing 
equation for 
constitutive laws 

Regularized modified 
Helmholtz equations



Plastic Flow direction w/ increasing 
anisotropic regularization effect

Lesson. We can introduce plastic flow non-coaxial to the stress gradient of the 
yield function through anisotropic regularization!



Strain localization w/ increasing anisotropic  
regularization effect



Anisotropic
OCR = 30 [-]

with Softening

Anisotropic
OCR = 30 [-]

with Softening

Anisotropic
OCR = 30 [-]

with Hardening

Boundary Value Problems: Rotation of 
Microstructural Direction
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Anisotropy
In-plane E = 2.4 GPa

Out-of-plane E = 1.4 GPa

βp = 0.8 [-]



Micromorphic Regularization of Boundary 
Value Problems: Isotropic vs. Anisotropic
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Anisotropy
In-plane E = 2.4 GPa

Out-of-plane E = 1.4 GPa

βp = 0.8 [-]



Anisotropic
OCR = 30 [-]

with Softening

Anisotropic
OCR = 30 [-]

with Diffuse Softeniing

Boundary Value Problems: 3D Rotation of 
Microstructural Direction
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Anisotropy
In-plane E = 2.4 GPa

Out-of-plane E = 1.4 GPa

βp = 0.8 [-]
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Coupled damage-plasticity in crystalline 
rock 



o Decomposition of the Total Strain:

𝝐@: the integration over all the crystallographic slips
𝛾G: the plastic slip corresponding to the slip-system α
𝑺G: the symmetric part of the Schmid Tensor (i.e. 𝒔G⨂𝒎G)

o The Slip-System for Single-Crystal Halite 110 1210 (cf. FCC metal 111 110 )

Crystal plasticity theory – Kinematics
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o The stress update algorithm for both rate-dependent and independent behavior
• Flow rule (viscoplastic regularization)

• The residual and Jacobian matrix (cf. Miehe and Schörder, 2001)

• The singular value decomposition (SVD) and pseudo-inverse method are used to regularize the 
inverse of Jacobian matrix (also see Ultimate algorithm, Borja and Wren, IJNME, 1997).

Crystal plasticity theory – Rate Dependence (Creep)



o Modeling a single-crystal halite using thermomechanics:
• Coupled anisotropic inealsticity and fracture behavior.
• Rate and temperature dependence – dislocation creep.
• Intra- and intergranular fracture behavior.

o Governing equations
• Balance of linear momentum

• Balance of energy

• Multiple phase-field equation (microforce balance)

Anisotropic damage 

with

where

with

Structural heating 
and plastic 
dissipation

Thermal expansion

History function for crack propagation 
and irreversibility (using both 
thermoelastic and plastic strain 
energies) – Nguyen et al., 2017

Second-order structural 
tensor(for directional 
fracture - Knap and Clayton, 
2015 )
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Benchmarks

Combined 
Phase field 

o Why we use the multiple phase-field method? How does the method capture 
anisotropic fracture?
• The existing standard FEM code can be easily extended to capture anisotropic damage 

(without using the higher-order phase-field or constitutive equation).
• Example: guided crack propagation (cf. Li et al., 2015,  Nguyen et al., 2017).

Phase field 0

Cleavage Plane 0

Phase field 1

Cleavage Plane 1
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Benchmarks

o Why we use the multiple phase-field method? How does the method capture 
anisotropic fracture?
• We can relate the number of the slip-system to the number of multiple phase-field variables.
• This method can be further utilized to model recrystallization.

!

L

0.3L

(b) Combined Crack Phase Field ("#$ = "& + "( − "&"()

45°

Phase Field

0.5 0.75 1.0

(c) Phase Field 1 (d) Phase Field 2

(a) Test set-up

x

y

Combined Crack Phase Field  (!"# = !% + !' − !%!')

Phase Field 0 Phase Field 1
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o Modeling a single-crystal halite using thermomechanics:
• Anisotropic inelastic and fracture behavior.
• Rate and temperature dependence – dislocation creep.
• Intra- and intergranular fracture behavior.

o Governing equations
• Balance of linear momentum

• Balance of energy

• Multiple phase-field equation (micro-force balance) (cf. Gurtin 1996, Na & Sun, 2017, Choo & Sun, 2018a,b).

Formulations

with

where

with

Structural heating 
and plastic 
dissipation

Thermal expansion

History function for crack propagation 
and irreversibility (using both 
thermoelastic and plastic strain energies)

a second-order structural tensor
(for directional fracture)
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o How is each balance equation related?
• A combined stored energy functional

Formulations

Thermoelastic strain energy

Plastic strain energy

Total crack surface energy

Purely thermal energy for heat transfer
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o Modeling a single-crystal halite using thermomechanics:

Applications

Anisotropic 
inelasticity & 

fracture

Temperature
dependence

Rate
dependence

Intra- and inter 
granular fracture

< Definition of Euler angle: 𝜙, 𝜃 > 

<Test set-up>

ü The initial temperature of the sample domain is fixed with 25º.
ü Three different 𝜙 are selected to change the orientation of the 

slip system (strain rate is the same as 1.0E-5/sec.).
ü Changing orientations of the slip systems induces different 

mechanical responses (stress-strain) along with different 
patterns of damage and plastic slip.

Note: 𝜃 is fixed with 0o
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o Modeling a single-crystal halite using thermomechanics:

Applications

Anisotropic 
inelasticity & 

fracture

Temperature
dependence

Rate
dependence

Intra- and inter 
granular fracture

<Test set-up>

ü Three initial temperatures of the sample domain are selected to 
analyze the thermal impact on mechanical responses.

ü As the temperature increases, the more ductile behavior is 
obtained from stress-stress curves.

ü The thermal dissipation suppresses  the crack propagation and 
leads to different plastic patterns. Note: The results are captured at the same vertical strain level 

(0.24%), and Euler angles are fixed for all cases: 𝜃 = 0o and 𝜙 = 70o
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Modeling a single-crystal halite in 3D
o All the slip-systems associated with each crack phase-field (different orientations )

𝜃 = 0o

𝜙 = 0o

𝜃 = 30o

𝜙 = 10o
𝜃 = 45o

𝜙 = 0o



Strongly Anisotropic materials in the 
brittle regime



Ma & Sun, under review







Multi-phase-field
(MPM)

High-order 
phase-field

(HPM)



Sawtooth crack pattern in strongly anisotropic 
phase field fracture model



Fracture healing and precipitating creeping 
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THANK YOU!
More information can be found at 

www.poromehanics.org
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